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near Fe* sites than near the Fe*® sites. This
stabilization lowers the electronic energy and in-
creases the electronic excitation energy. This is
to be contrasted with the Adler-Brooks mechanism!?
of the insulator-metal transition in which the tran-
sition is caused entirely by the splitting of the en-
ergy bands caused by the reduction of the lattice
symmetry resulting from lattice distortion. Al-
though this mechanism is present in the magnetite
transition, the electronic interaction clearly plays
a dominant role. If there is such a local polariza-
tion of the nonoctahedral-site ions, it could possibly
be detected in a carefully done elastic-neutron-scat-
tering experiment.

Recent elastic-neutron-diffraction experiments®®
have revealed peaks in addition to those predicted by
the Verwey ordering. Recent Mossbauer data are
consistent with these results.?® Cullen and Callen
have explained'® these experiments by doing a three-
dimensional energy-band calculation with four bands
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and three order parameters. The extra neutron
peaks imply that not all sites are equivalent within
a single row of Fe*® or Fe* sites. This could con-
ceivably also be caused by some sort of local lat-
tice distortion, but the Cullen and Callen mechanism
appears to be simpler. There still remains the
question of why such ordering should occur, which
is not answered by either explanation. We have not
considered these effects in this paper. In order for
the ordering of Ref. 10 to exist, the ions cannot be
completely ordered as predicted by Verwey.*®
Further theoretical and experimental investigation
is clearly needed to straighten out these points.
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This paper discusses a new technique for evaluating the matrix elements in tight-binding
band calculations. The method employs an expansion of the crystal potential in reciprocal-

lattice vectors and the atomic wave functions by a Fourier integral.

reduced to sums over the reciprocal lattice.

One of the difficulties associated with the tight-
binding method of band-structure calculation is the
evaluation of the matrix elements of the overlap

matrix and Hamiltonian matrix.
ments are weighted sums of many-center overlap

The matrix elements are

These matrix ele-

and potential integrals. When the wave functions
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involved extend over lattice sites, the sum con-
verges very slowly, because the decrease in am-
plitude of the wave function is offset by an increase
in the number of sites. This makes the series ex-
pression for the matrix elements converge slowly.
Also, the numerical accuracy of many-centered
integrals is poor when the separation between sites
is large. Until recently, these difficulties have
restricted the use of the tight-binding method;

it is the purpose of this paper to describe a method
to avoid the obstacles mentioned above. ' Another
method has been proposed?® and used in actual cal-
culations. *® At the present time, no comparison
has been carried out to determine the relative
merits of the method discussed here and the other
technique.

A tight-binding calculation begins with a choice
of a set of atomic trial wave functions. The atomic
trial wave functions are used to form trial Bloch
functions in the manner shown below, and they are
used to construct the crystal potential,*'® The trial
Bloch functions, in the form for two atoms per unit
cell of the lattice, are

vk, 1)= (")T‘E‘Eeﬂ.R”‘ (r- Rl) (1a)

v, [, T) er“‘"“ﬁ"u F-R,-%), (1b)

where ﬁ, is the lattice-site vector and 2 is the vec-
tor displacement between the two types of atoms in
the unit cell. The Hamiltonian, in terms of the
crystal potentials V, and Vj, is

VL DIVAF-R)+Vo(C-R,-3)]  (2)
Ry

H()-

The overlap matrix element is given by

ST w& DY, &F) dr=s,, &) (3)

and the Hamiltonian matrix element by

J 2 9@ PR, T =H, ). 4)

The difficulty of determining these matrix ele-
ments can be overcome by expanding the crystal
potential in terms of reciprocal-lattice vectors
and the trial atomic wave functions in terms of
Fourier integrals.

Any function that possesses the periodicity of the
lattice can be expanded in terms of the reciprocal-
lattice vectors. A ‘method of determing V(f) is
shown in Ref. 1. The crystal potential V() meets
the above requirement, so it can be expanded in
terms of the reciprocal-lattice vectors. Thus we
have
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V(E):-ZetTV(G), (52)
G

where G is the reciprocal-lattice vector, Tis the
position vector in direct lattice, and

v(@)=/9)f V(P iar, (5b)
V(P =2 [Val - R+ Va(F -2 -R)], ©)
Ry

where € is the volume of the unit cell, V,(T) the
potential of the A ion, and Vj (T) the potential of the
B ion. a is the position vector of site B with re-
spect to site A. The reciprocal-lattice vectors G
are determined using the primitive-basis vectors
of the direct lattice. The V(a) term can be cal-
culated when the G has been determined:

V(a)=QL-/;e*a';‘§[VA(;-RJ)
J

+Va(F-3-R)]ar, (7)

V(é) :N[VA(G) +ea°3i Va(a)] s (7o)

where N is the number of atoms of each type A or
B within the crystal. In practice the integration
over the primitive cell € is replaced by an integral
over the Wigner-Seitz s sphere which is the sphere
with the volume of the primitive cell. With the po-
tential expressed in terms of the reciprocal-lattice
vectors, we will now proceed to derive expressions
for the overlap and Hamiltonian matrix elements.

To reexpress the overlap matrix element as a
series dependent upon the reciprocal-lattice vectors,
one begins with the tight-binding expression

(Ul T, K), ¥u(F, )
=§e"i’g! L2 (F =Ry = Dpn(F-B)dr. (8)
]

The wave function is next expressed as a Fourier
integral

- B > 1 s ' - o ->
bm(T =R, —a)=<2—7;> / U(g) e (R0 aq,

. 9
u(Q 2(2%)3/; ey (F)dr'.

It is instructive to determine the U(g) for an
“s”-type atomic wave function. The calculation of
all the remaining angular momentum states proceeds
in the same manner. The following identity is used
in making the calculation:

e =5 (2 1) )i"P,(cos)j,(| q| | F]).

n=0

The integral over the radial coordinates can be
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found in a table of integrals; the results of the in-
tegration over the angular coordinates are

o@- 40 [ Dot s nar

Now that U(q ) has been determined we can proceed
with the derivation using the following relationships:

[27 e 302 R ar - (2m)0(5 - ), (10)
ITZefﬁf"‘-'” = [(2m?*/q] §5(E+ 2,9, (11)

i

where A= reciprocal-lattice vector. Using Eqgs.
(9)~(11) in Eq. (8) results in the new expression
for the overlap matrix element:

(b (&, ), v, (K, )= &

ZlU(km)\ (12)
The reexpression of Hamiltonian matrix elements
in terms of the reciprocal-lattice vectors proceeds
in the same way as the overlap matrix element.
In this case, the matrix element is equal to the
gum of two parts; one part is the kinetic-energy
matrix element, the second is the crystal-potential
matrix element. The kinetic-energy matrix ele-
ment is given by

@l = (R B (R 80| (R4 D)2,
(19

Do =

and the potential-energy matrix element by

(¥, (k, 7), {ﬁz [VA(F-R) + Va(F-R, -2} 0, (K, T)
J
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_(277)8 =) -2 Gi PR S 274 T
=g ?%V(G)e UX(G+k+ A)U(k+A).

(14a)

The exponential e~ ™% iy the series represents the
effect of the origin of the A sites being translated
from the B sites by the vector . Replacing V(G)

in Eq. (14a) by Eq. (7b) gives

(U (k, T), V(P)L,(k, T)

RIS D I LA )
X g

X U*(G+k+ A)U(k+ A). (14b)
The success of the above method depends upon rap-
id convergence of the double summations in (14a)
and (14b).

The actual convergence of particular series sum-
mations over G cannot be determined in advance,
since convergence depends upon u(¥), V(T), crys-
tal symmetry, and the size of the primitive cell.
élso, convergence is controlled by the value of
k and whether or not it is a symmetry point of
the Brillouin zone. The series for the overlap
and kinetic energy converge rapidly compared with
the series for the potential. The convergence
problem results from the oscillation in U(G for
large values of G and the large number of vectors
associated with a large |Gl. This problem of
convergence is essential to the question of whether
or not this method is practical, and each user
must decide for himself at the present time.
sum rules may be developed.

Later
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